• Developed a numerical model for drying of urea particles • Showed the effect of shrinkage coefficient on the size variation of particles • Investigated the effect of convection heat transfer mechanisms on the particle temperature
amongst all solid nitrogenous fertilizers and is currently considered to be a critical factor in the agricultural productivity growth in different countries. In 2014, it was reported that the world fertilizer nutrient consumption with a growth of 2 percent reached 186.9 Mt [1] . Since then there have been plans to build 60 new urea production lines by 2019. Twenty urea plants would be constructed in China, which will increase the global urea capacity to 211 Mt in 2019 [2] . By the same strategy, the global urea supply will be estimated at 208 Mt in 2020. Moreover, the global demand for urea production is forecasted to increase by 2% per year compared to 2015, 192 Mt in 2020 [3] . All statistics on the production and markets report a steady growth of global demand for urea production and also emphasize the importance of this strategic product for supplying food resources in the future.
Granulation is a key processing unit in forming or crystallizing solid particles and is commonly used in different industries such as petroleum, food, and pharmaceutical. Urea prilling is a type of granulation process in which the urea melt as feed is solidified by transferring heat to the cooling air stream [4] . The urea melt can be sprayed by a pressure nozzle, a rotating perforated bucket, and two fluid nozzles [5] . In the urea prilling process, the urea melt is dispersed by numbers of showers or rotating perforated buckets with different nozzle sizes. In this process, at first, the sprayed spherical urea particles at a temperature above the urea melting point (132 °C) with moisture content of less than 5% fall through a cooling medium such as air with a temperature of 20 to 40 °C (depending on the plant location), then both heat and moisture of the melting particles are steadily transferred into the moist air. As the surface temperature of particles reaches the melting point temperature, the solidification process begins. In this state, the particles have a thin boundary layer between the liquid and solid phases which gradually moves towards the center by changing the temperature. More details about the free and moving boundary condition are available in reference [6] . Finally, the fully solidified particles continue to transfer the heat and moisture to the moist air until settling on the floor of the prilling tower.
So far, few modeling studies about the urea prilling process have been reported. Schweizer et al. [7] formulated the solidification concept of urea particle using the momentum and phase change equation with respect to the temperature variation of particles.
Hassanien and El Safty [8] also proposed another simple model without considering the temperature change in the cooling air along the tower. Alamdari et al. [9] suggested a mathematical model on the basis of hydrodynamic, mass, and energy transfer equations for the urea prilling process. The temperature variation of cooling air in this model was also not taken into account. The computational method was not consistent as the proposed numerical solution of a system of partial differential equations (PDE) consisted of both analytical and numerical methods for the moisture and heat transfer equations, respectively. Mehrez et al. [10] introduced a model to prevent the formations of lump and cake in hot and humid conditions. The heat transfer equation of particles was defined for three steps, including the cooling and solidification processes. The heat transfer term relating to the evaporation enthalpy was not defined in the equation of boundary condition for the particles and cooling air. They used the enthalpy method to calculate the temperature change of particles during the solidification step. Inconsistency was seen in the modeling results, such as the average temperature of particles. This issue was attributed to the use of two separate explicit schemes for the discretization of the particle and air equations. Rahmanian et al. [11] developed a numerical model for a local industrial urea prilling tower with a rectangular cross-sectional area. The model was validated by the real data plant and a good agreement was seen in particle temperature at different sizes. The modeling result also showed that increasing the amount of cooling air could reduce the risk of caking tendency during the operation. Ricardo et al. [12] introduced a mathematical model for the solidification of urea particle in the prilling process. In the model assumption, the mass transfer between the particles and the cooling air was ignored, and the air temperature during the solidification was also kept constant. In terms of formulation strategies, the heat transfer equation of the particle was only derived on the basis of the convection heat transfer between the air and particles. They also presented results concerning a shrinking unsolidified core model [13] without considering moisture transfer to show the formation of the solid phase in the solidification zone.
In terms of other industrial applications, Ali et al. [14] developed a model to predict the temperature and moisture profiles of one-phase particles in a drying process. Their model cannot be applicable to the urea drying process as the heat and moisture transfer equations are defined without considering the phase change of particles during the drying along the tower. Under the steady-state conditions, a urea plant might have serious operating problems. The main issue relates to the breakage of urea particles along the prilling tower due to non-uniform heat and mass transfer between the melt urea and cooling air. This issue directly affects the quality of urea product so that the particles might contain a significant amount of moisture. On one hand, the incomplete drying consequently causes to form the large sticky blocks in the packing equipment and bags. On the other hand, the size variation of urea particles along the prilling tower needs to be precisely controlled to avoid forming dust and cake formations. In this case, a dusty flow causes to form large urea masses on the tower wall and gradually decay the stability of the drying process. Under steady-state conditions, these masses fall and settle in the bottom of the column resulting in a process shutdown. In this study, a comprehensive mathematical model is developed for the urea particles falling along the prilling tower. This model consists of mass, heat, and hydrodynamic transfer equations for the urea particles and cooling air. The particle shrinkage due to the moisture transfer to the cooling air, and free (natural) and mixed convection heat transfer mechanisms are investigated to demonstrate the particle size change under different operating conditions and parameters. In order to simulate a countercurrent process, appropriate boundary conditions and numerical scheme are chosen to simultaneously solve the moisture and heat transfer equations along the prilling tower.
MODEL DEVELOPMENT
The drying process of melting particles involves the moisture and heat exchanges with the cooling air along the height of the tower (Figure 1 ). The heat is transferred from the surface of urea particles to the cooling air by the convection mechanism. Simultaneously the heat is also transferred from the particle core to the surface by the conduction mechanism and consequently, the core temperature gradually decreases. This theory can also be applied to interpret the moisture transfer from the particle core to the surface and then cooling air. The moisture content of humid air as absolute humidity is calculated by the given data for relative humidity and air temperature. Hence, the solution approach is to simultaneously solve all the transfer equations of urea particles and cooling air. The modeling performance can later be analyzed to determine the more accurate ranges of values for the variation of particles and air temperature, and moisture under different operating conditions. Some assumptions are chosen to simplify the model formulation as follows:
1. The drying process is steady state and urea melt with biuret content, as an impurity, of less than 1% is continuously dispersed by a rotary bucket.
2. The pressure drop in the prilling tower can be calculated by the modified Bernoulli equation [11] .
3. Radiation heat transfer from the melt particles to the wall is neglected.
4. An adiabatic process is expected due to the large thickness and low thermal conductivity of the prilling tower wall.
5. The shrinkage occurs because of the moisture removal from the spherical particles along the tower height.
Hydrodynamics
The melting spherical particles are dispersed by a perforated rotary bucket which is installed at the top and center of the prilling tower. Under normal conditions, an emerged particle falls down the cooling air with an initial velocity that is dependent on the rotation speed and diameter size of the rotary bucket, and initial urea temperature and viscosity. More details about CFD analysis of the performance of the perforated rotary bucket are also available in reference [15] . Three different forces exerted on urea particles can be defined during the drying process. The particle is pulled down due to the force of gravity, and at the same time, buoyancy and drag forces tend to suspend it upwards. Later, the particle reaches its terminal velocity (highest velocity attainable by falling through cooling air) with zero acceleration when the sum of vectors of the three different forces exerted on the particle equals zero. Based on Newton's law of motion, the hydrodynamic transfer equation can be expressed as follows: 
Moisture transfer
The moisture transfer equation for the urea particle is given by the following relation [16] :
r r r ( 6 ) where ρ up , X, and D are the density of dry solid urea (kg/m 3 ), moisture content (kg water/kg dry urea particle), and diffusivity coefficient (m 2 /s), respectively.
The initial and boundary conditions are also defined as follows:
where X up initial and J M surface are the initial moisture content of urea particle and moisture flux, respectively. ψ M surface and ψ M air also represent the moisture concentration at the particle surface and in the air, respectively. h m is defined as the convective mass transfer coefficient between the particle surface and cooling air. Mixed-convection heat transfer exists during the drying of urea particles when the buoyant motion is in the same direction as the forced motion. The combined forced and free (natural) convection heat transfer can be defined as follows [17] : where Nu, Ra, Re, and Pr are dimensionless Nusselt, Rayleigh, Reynolds and Prandtl numbers, respectively. The moisture transfer equation for the cooling air can also be defined as: (13) where ρ a , X a , and V a present the density, moisture content, and velocity of cooling air, respectively. A up and ϕ element are the surface area of urea particles and discretized volume of prilling tower, respectively. C up surface and C a stand for the moisture concentration at the particle surface and in the cooling air, respectively.
Heat transfer
In terms of the single phase (liquid or solid) heat analysis, the heat transfer equation for the urea particle can be defined by the following relation [16] :
where T up s,l stands for the urea particle temperature. This equation is valid for the time that the solid or liquid urea particle (single phase) is dried by the cooling air. ρ up , C p , and k are the density, specific heat at constant pressure, and thermal conductivity of urea particle, respectively.
In terms of two-phase heat analysis, numerous numerical methods were proposed for the solidification case when the boundary condition moves from the solid to the liquid phase [18] [19] [20] [21] . Because of the coupled moisture and heat transfer equations, the Apparent Heat Capacity method (AHCM) is chosen to reformulate the heat transfer equation of urea particle as follows:
where T up o and C p-app are the urea particle temperature of two phases and apparent heat capacity, respectively. The boundary conditions between the solid and liquid phases are defined as follows [6, 22] :
where k s , k l , and, L are the thermal conductivity of solid and liquid phases, and the latent heat, respectively. s(t) and T m stand for the location and temperature of the solid-liquid interface which is expected to change over time (drying at different heights of the prilling tower). The heat transfer equation for cooling air can also be expressed as: (18) where h t , C pa , and T a are the convection heat transfer coefficient, specific heat at constant pressure, and air temperature, respectively.
Particle shrinkage
The total volume of a urea particle which is the sum of the volume of urea and moisture, can be expressed as follows:
where ν up T , ν up , and ν m are the volume of the urea particle, dry urea particle, and moisture, respectively. In this study, the model of particle shrinkage which exists because of the moisture removal from the urea particles can be formulated based on a mass transfer analysis between the material and moisture content [23] . Based on the model proposed by Coumans [24] , the volume of the urea particle due to shrinkage can be defined by a linear function of the average moisture content as follows: where ρ and τ are the density of urea particle and moisture, and shrinkage coefficient (0<τ<1), respectively. The diameter of the urea particle can also be expressed as a function of the shrinkage coefficient and moisture content as follows [25] where R up and R up 0 are the varied and initial diameter of the urea particle, respectively.
Numerical solution
The developed model based on the mass, heat and hydrodynamic transfer of urea particle and cooling air forms a system of differential equations along with coupled boundary conditions. As all systems of partial and ordinary differential equations (PDEs and ODEs) needs to be solved simultaneously, the method of lines (MOL) is chosen to solve the developed heat and moisture equations. This technique uses the finite difference to approximate all derivatives with respect to all independent variables in order to make a system of ODEs over a domain [26] . In the previous modeling work, the Crank-Nicholson method and an analytical method were used to solve the moisture and heat transfer equations and consequently the modeling results were seen as inconsistent at the lowest part of the prilling tower [9] . The enthalpy method was also proposed for the heat analysis in the solidification zone in the prilling process [10] . But this technique decreases the accuracy of the numerical solution as other transfer equations except the particle heat transfer equations are solved individually.
In order to validate the model, the modeling result was compared with real data of a urea plant (limited to inlet and outlet conditions) and a good agreement was seen for the outlet temperature of average size particles (Rp = 0.85 mm) based on the inlet and outlet temperature of cooling air.
Moreover, the air temperature along the pilling tower at different points was measured while the plant operated under the steady state condition. Then, these values were compared with the modeling values of the air temperature as reported in Table 1 . The model was run to show the temperature and moisture profiles inside the urea particles of different sizes under a realistic operation condition. The amount of moisture flux releasing from the particle surface to cooling air was also investigated to measure the particle shrinkage along different heights of the prilling tower. The real operational condition of the urea plant (Table 1) , Khorasan Petroleum Company, which is located in Bojnord (Iran), is used to show the model performance under realistic operating conditions. Table 2 also shows the properties of urea melt used in this modeling.
RESULT AND DISCUSSION
The analysis of heat and moisture transfer in the drying process is dependent on the trajectories of urea particles along the height of the prilling tower. The rotation rate and nozzle radius of the perforated bucket also affect the velocity of urea particles until reaching the terminal velocity where the particles tend to fall vertically at constant axial velocity. The cooling air velocity is another parameter that directly influences the final temperature of the product. It is expected that the Reynolds number which changes with the cooling air velocity and viscosity, and particle diameter, directly affects the heat and moisture transfer mechanisms by altering Nusselt and Sherwood numbers. The shrinkage of urea particle which occurs due to the particle moisture loss along the height of prilling tower can slightly decline the Reynolds number. Any change in the Reynolds number directly affects the drying efficiency, as the heat transfer coefficient between cooling air and urea particles is also proportional to the Nusselt number. The particles with three different sizes (0.85, 1.2, and 1.5 mm) are chosen to investigate the effect of air temperature on the variation of temperature and moisture content, and size of urea particles. Figure 2 demonstrates the temperature change inside the particles at the different heights of prilling tower. In the first zone, the particles with initial temperature (140 °C) lose their heat and reach the solidification temperature (132 °C). Then, the temperature of two-phase particles reduces until settling at the bottom of the prilling tower. The modeling results show that the variation of core and surface temperature is increased by increasing the radius size even for such particle scale size. The solidification process is fully completed for the finer particle, its temperature profile is uniform whereas the coarser particles (1.2 and 1.5 mm) experience a sharper temperature profile. It is expected that the coarser particles fall faster than the finer particles and consequently have lower time for the heat exchanging process with the cooling air along the height of the prilling tower. Decreasing the inlet temperature of cooling air may enhance the temperature of coarser particles. It is worth noting that the final core temperature of the coarser particles may remain above the solidification temperature (132 °C). As a result, the particles with a higher temperature at the bottom of the prilling tower give rise to some operational issues for the packing section. In some cases, it is required to install cooling equipment to control and reduce the high temperature of the final product. Figure 3 demonstrates the variation of particle moisture content (kg water/m 3 dry solid) at the different heights of prilling tower. Similarly, the moisture content of the particles at the bottom of the prilling tower is increased by increasing the radius size. The modeling results show that the finer particle incurs more moisture loss than the coarser particles. Much more moisture is removed during the solidification process (zone 1) as the mass transfer resistance is lower for the liquid phase compared to the solid phase. When the first layer of solid appears at the outer surface of urea particles, the heat exchange rate coming from the core to the surface gradually decreases. Increasing the thickness of solid-phase layer directly influences the moisture content remaining inside the particles as the moisture transfer mechanism changes for the two phases due to different mass transfer resistances. As shown, the moisture content variation exactly corresponds to the temperature variation inside the dried particles at the bottom of the prilling tower. The particle with a radius of 0.00085 m has a more uniform profile of moisture content whereas the coarser particles have no significant variation. For instance, the moisture content of a particle with a radius of 0.0015 m remains at the initial value of around 0.36 kg water/m 3 dry solid even at the bottom of prilling tower. In this case, the high amount of particle moisture content in the product stream may cause lump formation. Furthermore, the humidity of cooling air also influences the final moisture content of particles as the moisture inside the particles tends to be in equilibrium with the air moisture content. Hence, it is expected that when the cooling air with higher humidity enters the prilling tower to reduce the temperature of urea particles, the moisture boundary layer at the particle surface equals the same value of the air moisture content and, consequently, a lower amount of moisture can be transferred between the moist air and the particles.
The average temperature and moisture content along the height of the prilling tower are shown in Figure 4 . The finer particle loses its heat more quickly than the coarser particle, particularly in the first zone until reaching the solidification point. An evident difference in the particle average temperature can be seen at the different heights of prilling tower. The average temperature of the fine particle (0.00085 m) decreases significantly until the height of 400 cm and then tends to level off until the bottom of the prilling tower. The linear part of the temperature curve also indicates the uniform temperature profile of solid particles. The average temperature curve of the coarser particles slightly reduces and its slope corresponds to the higher temperature variation inside the particles. Similarly, it is seen that the average moisture content curve of the finer particles reduces more quickly than the coarser particles. As mentioned, they have a more uniform temperature profile and lower surface temperature; these directly affect the equilibrium moisture concentration and vapour saturation pressure at the interface between the solid and gas phase. As shown, the higher amount of moisture is removed in the first 10 m of the prilling tower where the layer thickness of the solid phase is still thin. The average moisture content curves slowly go down for the coarser particles. This is because the residence time of particles in the prilling tower is relatively short. In this case, the layer thickness of the solid-phase is still thin due to the non-uniform variation of the temperature inside the particles. It is expected that selection of optimal values of the urea feed flow rate and temperature, cooling air flow rate and temperature have significant effects on the temperature and moisture profile inside urea particles. Figure 5 illustrates the average temperature curve of the particle size of 0.00085 m (reported as particle average size) with the forced and mixed-convection heat transfer mechanisms as well as changes of the heat transfer coefficient along the height of prilling tower. In the drying process, the temperature and velocity of cooling air are considered as the vital operating parameters which directly affect the drying efficiency. It is expected that the heat is exchanged between the cooling air and urea particles based on the forced convection transfer mechanism. When the temperature difference between the feed and product streams is high, the mixed-convection transfer mechanism can also be taken into account. The free (natural) convection heat transfer mechanism occurs while the cooling air temperature gradually drops throughout the prilling tower. It is expected that the cooling air stream with higher temperature tends to go up to the top of the prilling tower. As discussed, the Nusselt number of each segment is calculated based on both free and forced-convection. As shown, the effect of free convection on the average temperature is low due to the high volume of cooling air compared to the urea feed flow rate. It is expected that the heat transfer coefficient for all particle sizes increases due to the increase in the Nusselt number and the coarser particles will have a higher Nusselt number than the finer particles. As the heat transfer coefficient is proportional to the Nusselt number, air thermal conductivity, and particle diameter, increasing the Nusselt number and particle diameter increases the heat transfer coefficient even for the particles with small sizes ranging from 0.85 to 1.5 mm. However, the net growth of the heat transfer coefficient along the tower decreases due to increasing of the particle size (0.85, 1.2 and 1.5 mm) with respect to the relation between conductive and convective heat transfer (Nu = h t D p /k). In other words, the heat transfer coefficient of the finer particles is lower than the coarser particles due to the significant effect of particle size. As the particle shrinkage begins from the initial to full solidification steps due to the moisture loss along the prilling tower, the heat transfer coefficient curve tends to increase and/or level off depending on the shrinkage rate at the different heights of the prilling tower. As shown, the curve of the finer particle (0.50 mm) levels off while the shrinkage mechanism stops along the prilling tower (h = 35 m). It is also expected that the transfer of moisture loss greatly reduces in the middle of the prilling tower for fine particles. Referring to Figure 3 , the coarser particles (1.2 mm) which contain a higher amount of moisture, undergo the lower size reduction along the prilling tower. This relates to the lower moisture transfer from the center to the surface of these particles compared to the fine particles (0.50 mm). As shown, the curve of heat transfer coefficient along the tower steadily rises and then immediately levels off due to the smaller shrinkage. Furthermore, the Nusselt number calculated by the free convection transfer mechanism changes significantly for the coarser particles as the buoyancy force depends on the particle size whereas the viscous force changes with the air viscosity. Figure 6 also shows the changes of the Grashof number at the different heights of prilling tower, as well as the effect of cooling air temperature on the particle average temperature. The Grashof number as the ratio between the buoyancy forces to the viscous forces is defined to show the effects of the particle temperature and size on the heat transfer mechanism along the tower. As shown, a sharp drop is seen while the particles move down to h ≈ 5 m (the formation of the solid surface). This highlights the impact of the natural convection on the heat transfer between air and particles when the temperature difference between the melt particles and the air is at maximum. It is expected that the solid layer immediately forms at the particle surface and the moisture loss results in the size reduction of particles. As shown, the variation of the Grashof number of the coarser particles is much higher than the finer particles along the prilling tower. This is because the Grashof number is proportional to the air and surface temperatures, and to the third power of the particle size. When the moisture loss decreases along the tower due to the solidification, the effect of natural convection on the heat transfer mechanism disappears quickly. Referring to Figure 2 which shows the profiles of particle temperature, the difference in the final surface temperature between the fine and coarse particles is about 5-10 °C along the tower. In this case, the effect of surface temperature becomes negligible for all particles. As discussed, the moisture loss of particles changes their sizes, particularly in the solidification zone. Hence, it is expected that the particle size variation along the tower is a dominant parameter in the change of the Grashof number compared to the surface temperature along the tower height. However, the value of Grashof number along the tower drastically decreases for all particles which indicates the lower moisture transfer and the high impact of forced convection on the heat transfer mechanism between urea particles and cooling air. Decreasing the cooling air temperature results in the reduction of the average temperature of the final product. This change directly impacts the particle surface temperature along the tower and consequently improves the heat transfer from the core to the surface of the particles. Moreover, a higher amount of moisture can be transferred to the cooling air. It is expected that the optimal values of air temperature and flow rate may result in the lower average temperature and moisture content in the final product. Figure 7 shows the effect of mean shrinkage coefficient on the particle size variation at different heights of the prilling tower. As discussed, the shrinkage coefficient is a dynamic variable and can vary from 0.1 to 1. As shown, the radius of fine particles decreases much more than the coarser particles because the shrinkage rate is higher and also a higher amount of moisture is removed during the drying process throughout the prilling tower. Three different particles with sizes of 0.0005, 0.00085 and 0.0012 m are chosen to investigate the effect of shrinkage coefficient value on the particle size. Refer to the previous modeling result, it is expected that the finest particle (0.0005 m) loses all its moisture during the drying process. The curve of particle size variation suddenly decreases until the first 20 meters of the tower and then levels off until the bottom of the tower as no moisture is transferred to the cooling air anymore. On the contrary, the curves of coarser particles steadily decrease until the bottom of the prilling tower. In fact, the reduction rate of particle size decreases as the lower moisture is removed during the drying process. Figure 7 . Effect of mean shrinkage coefficient (τ = 0.5) on particle size. Figure 8 shows the effect of minimum and maximum shrinkage coefficient for the particles of 0.00085 and 0.0012 m. The change in particle size (%) between the initial and final diameter is given in Table 3 . The shrinkage rate is highly dependent on the shrinkage coefficient as the particle diameter reduces sharply for the maximum value. Based on the shrinkage model, the variation of particle size corresponds to the moisture loss at three different drying zones. The particle volume is also a function of the average moisture content during the shrinkage. As a result, the change of particle size can directly affect the drying performances such as the profiles of moisture and temperature variations inside the particles.
All of the operating parameters such as Nu, Re, Gr, and h change due to the change in particle size. The presented model can predict the change in the particle size during the drying process by the difference in the initial and final moisture contents even for the fine particles. It may be difficult to determine the precise value of the shrinkage coefficient without an accurate measurement of particle radius under a steady state condition. As shown, the finer particles experience more changes in size due to the higher moisture loss. It can be estimated that the size of coarser particles may be reduced up to 50 percent when the shrinkage coefficient equals unity (maximum value).
CONCLUSION
A numerical model was developed based on the hydrodynamic, heat, and mass transfer equations between the urea particles and cooling air to show the effects of operating parameters on the drying performance. For validation, the modeling result was compared with the data of a urea plant operated under steady state condition. The model performance was appropriate for the various range of small particle sizes. The finer particles had the lower average temperature and moisture content, whereas the moisture content of coarser particles did not change much after the solidification period. The result revealed that decreasing the air temperature had a significant effect on the particle temperature. However, this plan may not be applied as the cooling process of the air increases energy consumption and product cost. The change in particle size along the height of the tower was also modeled based on the shrinkage coefficient and moisture loss. The result showed that the particle size continuously changed depending on the drying zone due to the transfer of moisture to the cooling air. Finally, this model can be used for optimization of energy and drying cost and to prevent caking and lump formations inside the tower due to the incomeplete drying.
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